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THE COUPLIir& or SlEXURAL PROPELLER VIBRATIOHS WITH 
THE TORSIONAL CRAM SHAFT VIBRATIONS* 
By . J. , Meyer 

The exact mathemat iGal* treatment of • the prolDlem is 
possihle "by replacing' the prope-ller* blade "by a homoge-ue- 
ous prismatic rod. ■.Conclusions can then he drawn as to 
the hehavior of an actual propeller, since tests on pro- 
peller "blades have indicated a qualitative agreement 
with the homogeneous rod* The natural frequencies are 
determined and the stressing of the systems under the 
various vibration modes are di scussed. 



SUMMARY 



For. the hcxmogene'ous prismatic,' rod .assumed equivalent 
to the propeller blade ^ the mathematical solution for the 
coupling of. the flexur^l with the torsional- vibrations of 
an elastic system consisting of a single mass or of sev- 
eral masses is presented, and valid conclusions are de- 
rived for the- propeller.' Extensive t est s .conf irm-ed the 
theoretical results^ • "j - 

The most- important conclusion derived was that the 
coincidencfe of a harmonic* -with .the torsional vibration, 
since it gives. two close-lying natural frequencies of 
the crankshaft—propeller system is unfavorable , .the crank- 
shaft and hub, the propeller blade root, and also the 
blade itself- at the tip being thereby stressed to a dan- 
gerous degree, • By spreading apart the two f requenci-es , 
as can be done by a change in the' elast icity of the tor— 
sionally vibrating' component system, the harmonics in 
question can be rendered harmless because their position 
is "little affected by .a change in the magnitudes of the 
torsionall'y vibrating system^ '■The torsional vibration of 
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the system cannot, however "be eliminated by similar 
combinatioiis. This can "be done only /"By ^employing a 
damper or an elastic huh (ref erence^'*!? ) . The maximum 
vibration momerit in- the blade root *^ barring a few excep- 
tions — always acts in the direction of the chord. 



OBJECT OP THE INVESTIGATION 



In recent* years the question as to the cause and 
prevention of propeller failure in flight has become of 
greatest importance* The failures are all found to be 
caused by fatigue stresses due to the flexural vibrations 
of the propeller blade. A torsiogram of an As— 8 engine 
was of particular interest (fig. 1). The curve shows, 
instead of a single maximuni , two maximums of the sixth 
order. This phenomenon indicates vibrations of the pro- 
peller blade because new degrees of freedom can be added 
to those of the crankshaft only through the presence of 
an elastic propeller blade. It may be remarked in pass- 
ing that in a fe^y cases vibration of the propeller could 
be established by the naked eye alone. In order to be 
abl0 to mea.sure experimentally the propeller vibrations 
occurring in flight, the DVL , since 1934, has been em- 
ploying the test apparatus shown in figure 2 (reference 
17). The setup reproduces the vibrations of the actual 
radial engine— propeller* system, A shaft supported on 
two bearings and the torsional, elasticity of which is 
of the order of magnitude corresponding to that of most 
crankshafts carries at one end the propeller with hub to 
be investigated and at the other end a rotating mass on 
wbich .two unbalanced ^weight s - displaced -in the same sense 
by. ISP^ excite the torsional harmonics, corresponding to 
the" pure vibration torque of the engine. The mass' moment 
of iner.t la likewi se corresponds approximately to that of 
a large radial engine. With the most usual types of pro- 
pellers, for rotations of the unbalanced weight up to 
10,0*00 rpm, there were always obtained three frequencies 
at which the entire^ system strongly vibrated (table 1). 
That appears striking in table 1 is that the frequencies 
of the center column are practically constant while those 
of the other two are not, and hence depend to a" large 
extent on the given propeller type. The form of the vi- 
bration of the second and third frequencies w5ls in most 
of the cases very similar, although for the second fre- 
quency the rotating mass — with few exceptions — under- 
went considerably larger deflections. The notation 
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n^^ , Ujg , and nj) of the columns will be explained. In the 

course of these ^investigations the question arose to what 
extent the flexural ipropeller vibrations measured on this 
setup were independent of the coupled torsionally vibrat- 
ing system. 

In the present paper, starting from the differential 
equation setup' for the elastic propeller, the relations 
holding for the coupling of the flexural propeller vibra- 
tions v/ith the torsional cr ankshaf t ' vibr at i on s are derived.* 
An explanation is thereby provided f or . the above-mentioned 
phenomena. The natural frequencies of the crankshaft- 
propeller system cannot, however, be niimerically determined 
in this manner. An improved test setup is proposed that 
can also be used for in-line engines. It is shown, further- 
more, that coincidence of the natural frequencies of both 
component syst ems crankshaft and propeller, is particu-- 
larly dangerous and that the natural frequencies of the 
entire system and 'the deflections for equal exciting torque 
in general de-oend on the propeller pitch angle. 

SETUP OP TEE DIPPSEEITTIAL BQUATIOF EOE FREE VIBEATIOIT 



There is first considered the equivalent system of 
a ra.dial engine with propeller assumed rigid (fig, 3). 



e propeller BM^r^gcms"^^^^/^^ rr?^^^/^^ c>f fh&^^'^ ^r/ /-/-^/^^//^^ 
Xi 

c shaft elasticity, kgcm/rad 

The differential equation for this case is ^/^^/'^•^ 



with the solution 

Oj = c ' 

or 



= 0-^ 



*At the conclusion of the above investigation there \iras 

brouj^rht to the attention of the author a paper which like- 
wise takes up the same problem. (See reference 19.) 
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Acttially, however, on account of the elasticity af the 
propeller "blades the crankshaft will not be coupled to a 
rigid mass hut to a vibrating structure with infinite 
degrees of freedom. The propeller is therefore replaced 
by an elastic rod which is fix-ed to a hub, Sjj (fig# 4). 

Equilibrium is possible only if the rod, vibrating 
at position x = I, produces a moment the component of 
which in the plane at right angles to the shaft axis is 
exactly eq^ial to that acting on the mass 9jj. A rod can 
vibrate in two mutually perpendicular directions, corre- 
sponding to the two principal axes of inertia .of its 
cross section. In the general case if the rod is set, ob— 
li^ue to the torsional vibration plane, vibrations about 
the two principal axes will be excited. If y(x) denotes 
the deflection, the morpnt produced about the longer axis 
(the chord) is B j ^y "''^ j >j and that about the shorter 

axis SJ-^j^ y"*^^. Both moments possess a component in 

the torsional vibration plane. If .a denotes the angle 
v;hic'h the shorter principal axis of the section makes 
v/ith the plane of rotation, the differential equation of 
the system from v;hich the natural frequencies are computed 
when there are rods is 



+ 




(2) 



with the boundary conditions 
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1. y»« (0) =: 0 3. yj^^ = cp^ cos a; yj^^^ = sin a 



2. y" (0) 0 4. y ; =; rep cos a; y7 = rep sin a 

and Mi(x) and J(x) may loe written M'(l)ft(x) and 

J^^j^P(x). The function y(x,t), according to Bernoulli, 

may "be v/ritten y(x,t) = y(x) sin cut. The partial differ- 
ential equation then goes over into the ordinary linear 

equat ion 

dx^ L dx^ J (x) (x) EJ(i) 



L A^S J 



4 h 4 H C 7 NUJ 

^(x) ^ (x) _, 



MS) 



dx"* ' ' dx 

and setting 

■ cpj) = ®jj sin cut and cpjj- = ^jf sin wt 

the system of equations becomes 



_ f I h. 

=! -53-^ "^(l) °^ 1 ^ 



,h 



^ ^(x) ^(x) = ° 



' If 



= 0 



>- (4) 



The solution of the prohlem depends on the s o.lut i on' , of the 
last tv/o differential equations (4). The variation of the 
functions tJ(x) and M»(x) over the propeller length is 
such, however, that great difficulty is encountered in oh— 
taining the c OBiplet e . s olut i on in exact form. The propeller 
"blades are therefore replaced "by homogeneous rods of 
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rectangTi'lar section. Por this case the solution can "be 
exactly obtained, and provides information as to the rela- 
tions for the act\ial propeller. 



SOLUTION JOE THE HOMOaEEB-OUS ROD 



Por the prismatic homogeneous rod with P «= Q = 1 
tlie two differential equations (3.) simplify to 



IV f J 4 f I 

y,. - k y . = 0 

(x) (x) 

IT h .4 h ^ 

(x) (x) 



(5) 



Talcing account of the Doundary conditions 1 and 2, there 
are obtained for y(x) the expressions 

y.fl ^ j^f I (Cosh kx + cos kx) + B^^ (Sinh kx + sin fcx) 
(x) 



h h 
(x) 



7/>-^ = A*" (Oosh ix + cos ix) + (Sinh ix + sin ix) 



where A and B are constants. 

The following hriof notation is used for several ex- 
pressions arising in the conputabion of and satis- 
fying the hoiindary conditions 3 and 4, where kl = 
and il = i ' 

^l^h fe' c os k^ - Cosh k' si n k' _ ^ ^^^^^ 
1 + Cosh k * cos k * 

Sinh k» - sin , . Cosh k' - cos k' . 

= a(k»); ^ T(k') 

Cosh 4- cos k* Cosh k' + cos k' 

similarly for i ' . 

There is then ohtained for 

f I ' f I ± ,r ^ . 

' ' '^^O ' (I) ""^ Ul) =^(0 " 
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the expr ess ion 



The a'bove can te written briefly 



where G-CkO and H(i') denote the generally different 
functions in the "braces. 



The expression v;hich is to "be set equal to 

J fl „fl h ,,h . \ 

^^J^^^ y"^^^ cos a + J^^^ y^j^ sm a| 



is 

■ S ~ If • f M N 



8 ■ 



Setting -- = ^' " and cu^ = k ' ' lirhere V® = 



f l 



there is obtained 



L f Ck') = ^ ^ 

k." le^ + e^^i - ^ k' ; 



1 



Bliminatine i'jj,''th.e solution TDecomeS' 



f I 



a [sCk') + ^7 » H(i«)] 



cos 



or 
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The e:cpressioii on the left-hand side is conveniently 
transformed into 

2 



9d V n' 

It remains to replace i' "by k' in the expression Tg (k ' ) 

= Ullji. and i' = UOJI. 

fl h 



s 0 t ha t 4 



f I 

i = / iiii 
k 7 > 



Hence 



(1,.) ^ (8) 

, 3 



f I 



COS 



a[&(fc') +/-^|-^ ^(/"h""^ k-^tan^ aj 



Figure 5 shows the fimction (ic 0 for a = 0 and 

r = 0» The points of intersection with the axis, of abscis- 
sas give the characteristic values ' for the rod fixed 

at X = I v/ith the "boiandar^'- conditions 7*"' 

y"" (0) = y"(0) = 0; = y(0 = 0; 

the values of are 1.875, 4*694, 7,855, 10.996, and 

so forth. 

The asynptotic positions 3.927, 7.068, 10,210, and 
so forth, give the characteristic values kg ^ of the rod 
for the "boundary conditions 
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y"' (Q) = y"'(0).== 0;- >" (O = 3^(0 = 0 

Pigures 6 and 7 shoii the function * Fg (k 0 for a = 0 and 
r'= 0»1 I and 0*2 I, re.spect ively • While the zero posi- 
tions of (k ' ) remain the same, the asymptotic positions 

are displaced. This is explained "by the fact that for the 

freq.uencies given "by, the zero positions,* -the huh is always 
at rest and therefore plays no part no matter how large r 
is. The "boundary conditions for the rod are the same. or 
the asymptotic positions one "boundary condition was y(O = 0« 
Actually, however, it is y(0 = ^^"S* this reason the 

-asymptotic position must "be displaced. , 

Figures 8 to 13 give the function Ps^*^'^ r = 0 

and a = 0^, 15^, 30^^, 45^^, 60^. 90^ for a ratio 

7 

J /j = 16. Figures 14 and 15 give the FgCk') function 
for a = 60 and r = 0.1 I and 0.2 I, r espe ct ively • 

It may he seen that for the ohliq.uely set rod the tMO 
functions Fg ' ) ^ a = 0^ and a = 90^ are superposed. 

Since the saero positions remain the same, the various 
"branches of the curve must crowd together. The more one of 
the t\^o principal vihration directions is turned out of the 
torsional vibration plane, the more the corresponding 
curves draw together. Each branch of the Fg (k) curve 

again runs, between tvj-o asymptotes. The corresponding value 
of k' gives for both vibration directions a composite 
form of vibration such that the bending moment' of the rod 
at the blade root is zero in the torsional vibration plane. 

The position of the- Fg(kO branches for the vibra- 
tion about the chord depends on the ratio 




For ^ above ratio is eq.ual to 2. The 

zero positions are therefore -at double the k^ ' values. 

of the vibrations about the small axis: that is, 3.750, 
9.388, and so forth. From this it may be seen that for 
the hoinogeneous prismatic rod fixed at one end, the fain— 
damontal vibration about the small axis is followed 



10 



HACA Teghrical Memoranduja No. 1051 



directly .,the fiandamental vibrat i ons a'bout the larger 
axis, provided the ratio J^^^/J^^^ is smaller than 

(4. 694/1. 875)'^ = 39.3., If the ratio is larger, it means 
that the f-andamental vihration ahout the longer a«ri^ fol- 
lows only after the firs-t harmonic ahout the smaller^ axis. 
'This holds quite generally also for nonhomogeneous rods 
*and hence for propellers except that the ratio *^'(^^ ) /'''f j ) 
and also G-(k') and E(i') are different functions. 

With each vihration of the rod there is thus* associ- 
ated such a Tg (k ' ) "branch — that is, since there are 
two vihration directions each degree is represented tv/ice» 
In general, the Jg (k ' ) hranch corresponding to the nth 

degree intersects the k' ajcis at k^ ' and at 

^' OrU^) and H(i') are e^ual. 

The function Pg(kO is quite independent of the 
material constants of the rod. It is valid for all rods 
having J(x) and MfCxJ constant over their length. All 
constants of the ere nkshaf t—r od system except for the ratio 
r/l and Jh/^fl included in the expression for 

p7{(kO« This has the advantage that on varying a constant 

only one function is varied and the relations are thus 
more clearly seen. 

The engine function possesses a zero and, if Sjj- 0, 
an infinity* The zero* — that is, the intersection 'with 
the k' axis, gives the natural frequency J'^J^j^ of the 
torsional component system up to the huh. The infinity 

Q ^ of the system: 

0D Bit 

rotating mass — elasticity - mass of huh. The zero posi- 
tion depends only on the ratio The natural frequen- 
cies of the entire system including the rod are ohtained 
from the relation O) = v k'^, where the k' are determined 
hy the intersections of the two functions Pg(kO and 

*he validity of these relations was checked with 
the aid of numerous tests with rectangular section iron 
rods, Figure 16 shows, attached to the shaft, the huh in 
which tv/o prismatic homogeneous rods may he inserted at 
different settings. Prom the rg(kO-Pjf(kO diagram it 
is clear that through the coupling the natural frequencies 
(zeros of rj^(k') and (k ' ) ) of the component systems 
are displaced. 
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Tlier-e v/ill nov/ 'be determined the natural freq.uencies 
of a single— nass system i^vith rectangular rod the constants 
of which correspond to those of a VOO-^hor s epower radial 
engine. Let 9^^ = 10 cmkgs^; S^j^ = 1000 cmkgs^; Q = SoOs"" 

(n = 6000 rpm) a'nd in the first case 9ij = 0, and in the 
s ec ond caseBj^=Sjj. 

For e-ach case the functions and ^jj are drawn 

for a "blade which corresponds in its dimensions to a large 
propeller. In the function F5 (k 0 , ^h/ "^f I ^ -^^^ r = 0; 
and a " 50 o In the function Tj^, v = 40, The first 
case on figure 17 corresponds to the relations ohtaining 
for an adjustahle pitch propeller or for a none ontr ollahle 
pitch ^'/ood propeller. The second case on figure 13 cor- 
responds to that of contr olla'b le pitch propeller for which 
the mass moment of inertia of the hulo msLj have the same 
value a.s tha.fc of the engine. There is thus obtained: 





^1 




( rpm) 


1I4 »5 


Ca S9 1 


1530 


6100 


8400 


22 ,600 


Case 2 


1530 


6100 


8400 


13,200 23,600 



For coirroarison there are given the corresponding values 
that were ohtained for a K^T-Electr on-con'tr ollalDle-pitch 
proneller on a test stand similar to thst of fdgure 2: 
Oj) wf^ s equal to 11.7 kgcms^ , 02\j = 6 to 9 cmkgs 
(estimated) , Q = GSOs""^, 



n^ n^ n^ Vi^^ 
(rpm) ^ 

SOOO 5600 6100 10,800 

The rod in each case possessed the vibration form qbtained 
by substituting the value k^ given by the point of inter- 
section in the function yix). It can only Dossess its 
natural vibration form for one end held fixed if a node 
occurs in the hub and the hub is thus at rest. This is 
possible for the following values of k*: 

k^ = 1. 875, 4.694, 7.855, and so forth. 

The point of intersection of !Fj^ with the Js:^ axis 
is then' always simultaneously the intersection of an 
branch with the k* axis. It is geen that in these 
cases the frequency of the entire system cannot vary if 
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the "blades are rotated in- the hub — that is, their pitch 
is varied. In all other cases the natural frequency of 
the entire system varies. It can only possess the form 
of vil3ration corresponding to the condition y"(0 = 0 
if the infinity of, the (k ' ) function coircides with 

one of the Pj{(kO function. All the yi"brationr over "both 

axes can always he excited as long as neither of the tv/o 
pr incipal' vihrat i on planes lies in the torsional vihration 
)Lane. That the previous conclusions hold similarly for 
■ropQllers is shown hy figure 19, which gives the var ia— 
x;ion vrith pitch angle of the first three natural frequen- 
cies of a single— mass system with rectangular section rod, 
a BIVM c ontr ollahle pitch propeller, and an As— 8 adjustahlc 
ope ller , 

Piguros 17 and 18 show further that if the intersec- 
tion of with the u "branch of lies above the 

o.xis , it means that in the " t or s i onal— vihrat ing system 
t?iere are u — - i nodos and in the hlade there are v 
nodes where v is the degree of the intersected 
"branch. If the" point of intersection lies helov/ the 
axis there are u nodes in the torsional vibrating system 
and V — 1 in the hlado. 

For practical purposes a ki'iQV7lodt''.'e of the first three 
froquoncios is of particular importance, since the others 
can only ho excited by the high harmonics of the torsional— 
forcG OS c i 11 ogra/n which are very small. Por this reason, 
it is sufficient to consider these first three frequencies 
alone, Only two kinds of -propellers arc possible: namely, 
these to v/hich the f undigoa^ntal vibration a*bout the rih,ord, on 
account of the thin hub shaft, lies below the first har- 
monic about the smaller axis and thoso for which the" re- 
verse is tho case. .Jirst, case 1 is considered. In fig-- 
ure 30, the first three branches of tho J'g(k') function 
for the pr ismat ic— homogeneous rod are drawn for a ratio 
J-^/Jfi = 16 and a = eC^, r = 0. The corresponding Pj^jCkO 
function for a = 90° is also shown dotted. The heavy 
continuous curves are three Pj{(kO functions. The first 

represents the case v/here the natural frequency of the 
torsionally vibrating systei-i is lower than that of the 
fundamental vibration about the chord of the rod fixed at 
one end# The second function gives the case where it is 
equal to the first harmonic about the small axis, and the 
third the case v/here it is greater tha^n that of the first 
harmonic* ** 
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There now aris-es'-the question as to which of the' 
thre-e f r e'^ii-enc ie-s* giv-e-n -Td^ the points- of intersection' 
corresponds to the so— called crankshaft natural frequency 
for the case of a rigid propeller — Vhat is, the frequency 
causing the strong deflections recorded 'hj the torsiograph 
of the torsionally vihrating system. It is clear that 
only one intersection comes into c ons iderat i on ; ' name ly , 
that which lies very near the intersection of the Pj^(kM 

curve with the axis. This, fact, however, is not hy 

itself sufficient; since this vihration must also exist 
for the propeller setting a = 90^. The propeller is then 
most rigid in the direction of the torsional vihration and 
the vibrations ah out the small axis are, as ij: were, un— 
coupled. The case now corresponds' to the rigid propeller. 

The case where the prismatic rod is assumed as rigid 
v;ith regard to vihration ahout -the chord is that for 
\fhich ^(l) ^ this case the rod function ^3^^'^ 

is practically of the same shape as the dotted curve on 
figure 20 with the exception, hoiirever , that it always re- 
main's helow the the k' axis which it . inter sects at 
infinity — that is, that the axis is an asymptotes- 

It follov/s from this that the point of intersection cor- 
responding to the torsional vihration also occurs for* 
a = 90^ and the hranch of the rod function intersected! 
"by the engine function !F^(kO must pass continuously 

into the dotted curve ^^^ith increasing a. In figure 20, 
the so—called crankshaft natural frequency is given in 
the first tv;o cases "by the second point of intersection 
and in the third case "by the third point of intersection. 

Figure 21 shows the case v/here the frequency of the 
fundamental vibration about the chord is 'great er ' than' ' 
that of the 'first harmonic about the small axis. The 
ratio <^h/*^fl' " again a" ^ 60 , r = 0, Prom what 

was said prey i(?uslyj tchsre 'Ig similarly obtained the so— called 
crankshaft natural frequency for the first func- 
tion from the second point of int er s ec t i on: and , for the 
second and third f unc t i ons ^ f r om the third point of inter- 
section. 

Of the t'hree frequencies- consider-ed, one is thus 
uniquols'' determined as the natural^ .f-requency of the crank— 
s.haft with elastic propeller and it is seen that the other 
t^^^o points of intersection lie very close t'o the k* .val- 
ues for the fundamental vibration and first harmonic ab-out 
the small axis of the rod fixed at one end. Prom all this, 
it follows that for high angles d the three possible 
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natural frequencies of the system lie very close to the 
natural frequencies of the two component rod. and crank- 
-shaft systems when the rod is fixed at the huh. One of 
the natural frequencies of the system may therefore he 
denoted as the crankshaft torsional vihration np and 
the two ot'hers ai fundamental and first harmonic of the 
rod or propeller n^ and ng. This explains the nota- 
■ tion of tahle 1 and the slight variation in the frequency 
in the second column as compared with the variations of 
the first and third. 

It is seen on figures 17, 18, 20,^ and 21 that the 
first harmonic is least shifted hy the coupling. The 
torsional vitiration of the system can undergo a. relatively 
large displacement. It may "be seen from the expression 
for the engine function (equation (7))that for equal ratio 
v/Cl it intersects the k* axis at a larger angle the 
smaller the rotation mass Gd* ^"^ follows from this that 
for a given propeller and given ratio v/Q the natural 
crankshaft frequency of the entire system deviates more 
from the natural frequency of the torsionally vi"brating 
system the greater the rotating mass 6d • In the case 

of the rigid assumed propeller, the corresponding expres- 
sion for the torsional natural frequency is 

In practice only propellers generally are used for 
which the relations are such as are expressed "by the func- 
tion Fs(^') in figure 20. Fundamentally, the first and 

second engine functions hold for the case when the first 
harmonic ahout the small axis is greater than the torsional 
vihration and the third engine function for the case given 
in ta"ble 1 for the second and fifth propeller, where the 
first harmonic of the small axis is lower than the tor- 
sional vihration of the system. 

It is also seen now how the torsional vibration curve 
of figure 1 is possihle. One maximum arises from the 
crankshaft vi"bration, the other from the first harmonic. 
Thus, the explanation, that only by the coincidonce of the 
frequency of the crankshaft torsional vibration with the 
first harmonic of the ' propeller does the first one split 
into tv/o coupling frequencies similar to the resonance pen- 
dulum, is untenable. These two resonance positions, ac- 
cording to the foregoing, are aXwajrs ?pr^§'^^'»i. Why such 
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characteristic is so ra^rely measur.ed , and why the vibra- 
tion form of the propeller for the second and third 
frequencies of ta'ble-l- may "be s imllar , will he shown later ^ 
Turthermore, the torsional vibration frequency in adjust- 
ing the blade to high pitch angles must drop because the 
blade is then set more and more with the wide side in the 
torsional vibration direction and thus becomes less rigid. 
In order to see this, consider figure'20. High pitch 
means here that a— >0. For the engine function III and 
II there actually is obtained a lowering of the torsional 
vibration frequency. Similarly, for the engine function I 
in the case drawn where the natural frequency Q of the 
torsionally vibrating system is greater than that of the 
blade about the chord (kg' = 3.750). If the engine 
function I, hov^ever , would cut the axis ahead of 

kg' = 5.750 the torsional vibration frequency would rise 

in setting the blade to a high pitch angle, according to 
the rule established here, that all nabural frequencies 
of the entire system with increasing uncoupling of the 
torsional with the flexural vibrations are displaced to- 
ward the natural frequency of the blade vibration which 
is uncouplodo (SeR fig. 19, As-8 propeller.) 

It v/ill now be shown further how the solution (6) 
goes over into that for the rigid rod as approaches 
infinity. This does not show up in the Tj^jCkO "to Pg(k') 
diagrams. The greater the value of v the steeper the 
function Fjj;j(k') for constant f2 , and its point of inter- 
section with the k' axis lies alv/ays more to the left 
at small .Ziii'^es. For the rigid rod ( = ^) it would 

lie at k^ - J ^/v = 0 and the natural frequencies would 
assume the indeterminate form uj = 0 X oo although u) 
obviously can still possess also a finite value. The 
limit must .therefore be obtained from the formulas. For 
this purpose the solution (6) is written 

PM(kt) k^^ = Ps(i^') ^'"^ 

In this v/ay, in the expression on the right, only k' 
occurs and on the left, only the product v k , which may 
be set equal to u). There is then obtained 

- ■ ^ 3 1 ^ 

r,,(kM k'" ^ 

6d V Q y 



I 



16 ^ MACA Technical liemorandum Ho. 1051 

and setting for simplification, a =. Q, r = 0 . •• 

i-gCk') ^< =' 

■" . ■ . ' Sinh k' cos k' - Cosh k' sin k' 

When V approaches infinity k' v/ill approach zero, and 
it is only necessary to investigate the expression for the 
rod function. The latter is indeterminate. If the denom- 
inatoi:, however, is expanded into a series, then 

(k«) k''' = 



(k- - -2- - ^-k'" + ..V 7k' + A - A. ^ . ^ 

V 3J 5.' J \ 3] • 5 J / 

and for k' = 0, the value of the fraction "becomes equal 
to —3, The solution for v =, oj then "becones 

■Pli(k') k'= = -3 
Tn solving for cu , the following equati-on is then ohtained 

The expression in the first parentheses is no other, 
however, than the mass moment of inertia ~ referred to the 
shaft — of a '^propeller" coasisting. of a prismatic infi— 
nitel;- rigid rod and may "be set equal to Bj^, Then 

: . . . = e, . 

3 
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IV 



SOLUTION FOR ETOHHOMOGENBOUS EODS 



Having discussed the prismatic homogeneous rod, 
there will now te investigated how far the computation 
may be carried through for the nonhoiaogeneous rod. 
Start from eq.uation (3) and write 



IV 

(x) ^(x) 



+ 2P! 



U) "(x) 



y" ' + P" 



4 



(x) "^(x) 



:= 0 



Tho difficulty of solution of this differential eq.uation 
increases v/ith. the complexity of the functions P(x) and 
Q,(x). Por this reason there will he set for P(x) and 
Q,(x) the simplest, yet still reasonable exponential ex- 



pressions , P(x) = 




2. 



and Q,(x) = 



ea uat i on 
tainod 



hy P(x) and sotting p + 



I 

C = q. 



Dividing the 
there is oh— 



^ 2p ^ (p^ - p) ^1^)- 4 



(x) 



= 0 



In the ahove differential eaiiation 
from — oo to +OD . Por +00 > € > —4 
differential equation and as such is 
of s er ios , 

coefficient in a 



if the i 
f or rn 

IV 



p can take any value s 
it is a Puchs-type 
integrahle means 
Solutions defined at x = 0 are obtained only 

differential eq.uation of the 



+ E 



y + P. 

(x) 



3 y 



(x) 



+ H3 y 



(x) 



4 y 



(x) 



= 0 



has a polo of, at most, the i^^^ order. If € < —4 then 
X = 0 is a so— called essentially singular point, and for 
this case there is as yet no complete theory, (See L. 
B ierberhach , Dif f er ent ialgle ichungn , pp. 195—196.) At 
any rate, no solutions can then "be found in the form of 
convert:;ent series. Thus, the cases are restricted to 
00 > € ^ —4. Since the case € = —4 is solved "by setting 
y(x) = xP the method of series development starts with 
€ = — 3 • Since only in the cases with = —3 not all 

four particular integrals involve logarithms, of which 
use cannot be made, the solution of the differential 
equation is restricted for +00 > p > —00 and 00 > c ^ —3. 
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Setting y(x) =^ a,^ xP"^^ , ther e" is * o"b tained , since 
ap is not to vanish ,^ the "character istic eq.uation" 

p(p - l)fp^ + p[2(p - 2) 1 

The cioove equation has the four roots 



+ (p - 2) (o - 3);^ = 0 



Pi=Cf; ps-l; p^= - Pa ~ 

^ 2 2 ^ 2 2 

Since and for the various values of p are 

either eq^ual to p and p or differ from them oy an 
intG^'rer , the corr osponding particular inte^-jral? involve 
log:arithms and drop out for our case \/here y"^ (C) = 
y(0) = C. The first two solutions arp fo.:nd to "be 



m 21 m / 3 r 

(I^ + O ml P[CU + e)m - l] P(p + p^2 [(1+ + 
1 1^ 



- 2] - 1^-+ [('4 + c )m - 2] l(k '+ e)m -3^ 



.4\ 1 



(4+€ )m+i 



o 
o 

o 



M;, = ( 1- ^ + y , LVi!z J I 

(1^ + m! € )ni + l] p(p2 + p|2[(li + € ^ i ] - i| + [ (If + e )m l] [(4 + € )in - 2] j p 

1.1. . - . 

o 



O 



to 
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It can roadily be shown that these series are convergent; 

m 

a^ and a are constants and P denotes the product of 

n factors, ^^^herein the expressions m , runs from 1 to 
m. Cn account of the first and second "boundary condition 
in the present case, y*''(0) = y^'(O) = 0 only the series 
can "be used v/here c ^ 0, 

On satisfying the third and fourth boundary condition 
y^'jv = '4>^^ cos a (or sin cc) ; ^''(l) " ^ % ^'^^ ^ ^^'^ ^^^'^ 
there is obtained the function I^i^^). In the latter 
G(kO is then 

^l;o(k^ H^,'(kO - ^^/^(k')^la(kO 

(k') (kO ~ ^l^o' (kO ^/.(kM 

similarly for E(i'). 

Pi.":ures 22, 23, and 24 shov/ the curves, of [-b(x), 
J^7(x), and or tv;o metal propellers. For these 

p = 6 and a = 1 or 1 . f3 ; that is, e = - 5 or 4.5. In 
order to avoid fractional exponents in the second case, 

there can also bo set p = ~. Up to about x 0.7 I, 

both M'(x) and o (x) can be represented by strai.:ht 
lines — that is, p = 1, q = 1, € = 0. For this case, 
the G olut ion is 



^ (x) ~ ^''•^ ^'^^'^^ + a. >!/-, (kx) 

,1212 

\i/ - 1 + + - ~ + - - + 

X 4J i^l X 8 J ^^><,_Z^r<-ll ^ ,^2^, 

^ 1X5 1X5XS 

(k,) = , „ _iclx!_ , ___k!_x!__ , kii_x- , 

4,5, 4_x_8 ^ g, 4_x_8_x_12 ^ ,3, 

2 2X6 2XGX10 
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Ti.p;nve 25 shows- the Pg (k ' ) cnnsr-e - f or the fundame'n— 
ta-l, viDration- a - 0 and r = 0. Although five terms of 
the power series were taken, it was. not possihle to com- 
pute exactly the second zero position; hecaiise for higher 
values of. k' the computation "becomes too inaccurate on 
account, of the rap.idly increasing large numhers. The 
value must lie "between 5,2 and 5,4. The first zero posi- 
tion is ohtained as 2,67. The corresponding experimental 
setup is shown on! fi'gure 26, 

The first ssero position for nonhom'ogene ous rods can 
easily "be found hy the Hayleigh metho'd^ 

1 



^(x) y(x) 



y(x) = x'^ + 



ax 



+ "bx" + cx + d 



Vith the "boundary conditions 

. y" ' (0) = y" (0) = 0; y' (1) = y(l) = 0 



y(x) 'becomes y(x) = 



- 4 X + 3 I 



There are thus 



oT3t;iined the first zeros for the following five cases 



0 
1 
1 
1 
1 



0 

1 

2- 
4 
6 



0 
0 
-1 
-3 
-5 



k • 

e 



1. 880 
2.69 
2,59 • 
2 = 43 
2.31 



, Err or ^ V 
(percent ; 



0.27 
.75 



It is seen' that the first zero for propellers must 
lie in the neighhorhood of 2. By the Rayleigh method it 
is.also possihle to evppr oxijnate very closely the functions 
IJi(x) and J(x) "by suitable polynomials of x instead of 
the simple expression x^* or x^ so that "the first zeros 
can almost accurately he ohtained, as the positive error 
shows for 1,880 as compared with the accurate error value 
1.875. Unf or tunatelj"- , nothing has "been gained therelsy 
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for the pro"blem under c-ons ide.rat i on ; since from all that 
has T5een said it is not practically possihle to compute 
"beforehand the natural frequencies of a t or s ional— f lexural 
system as v/as done for the homogeneous prismatic rod. 
The only -magnitudes that can he accurately determined are 
0j) and c; Sjj and r/ 1 are no longer uniq.uely deter- 
mined, Por the longer and shorter axis >l/o^^) and \l/i(x), 

respectively, can he found only approximately, and the 
function FgCk') can he practically computed only for the 
fundamental vihration, which is not of great interest. 
There is the further difficulty that the angle a on ac- 
count of the twist cannot he accurately defined. For 
relations such as those holding for engine function I on 
figure 20, the angle a = 0 also can he defined as that 
for which the frequency of the first harmonic is a mini- 
mum and for the fundamental vihration a maximum. A cor- 
responding consideration holds also for the still higher 
harmonics. This angle in practice, however, deviates 
from zero, as tests have shown (see p. 36) and has differ- 
ent values for the different vihrations. The deviatioii 
from zero may he as much as 30^. This necessarily leads 
to the direct measurement of the natural frequency of 
the crankshaft— pr ope ller system. The test setup, however, 
must permit a v§.riation of the elasticity and the moment 
of inertia of the rotating mass in order that the cor- 
responding engine may he simulated with sufficient accu- 
racy. 



MBASUHELJBiTT 0? A PE0P3LLEH 



In order to he ahle to satisfy the condition of 3.c— 
curate simulation of the engine under consideration, the 
test setup was constructed as shown in figures 27a, h, A 
rotating mass to which is screwed the unhalanced exciter 
weight is displaceahle on a steel shaft 120 centimeters 
long and can he held in place hy a pressure seat. The 
mass moment of inertia can he varied hy screwing on iron 
plates, each of 1.1 kgcms^ moment of inertia in steps of 
2.4 to 15 kgcms^. Vith the aid of this apparatus', it is 
possihle to determine, experimentally, the unknoxvn func- 
tion Pg for the range of practical importance. There 
is first determined the value V for the* pr ope ller 
under consideration. For this purpose there is taken in 
the neighhdrhood df the hlade root a cross section, which 
is typical of the remainder of the hlade (fig. 28). 
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There is now drawA through the k' .axis' a family of 
P'g Ck ^ ' curve S' by va-ryi-^a^g -S'D— and- c. ^Ea.ch>. t ime . the 
corresponding value of 0p and c is adjusted on the 
test stand and the freq.uency co measured. Then, for 

each k* = on the corresponding !Fj^(kO curve a 

point is marked. The line joining all these points gives 
a portion of the unknown propeller function S*g(k') not 

not computalDle in advance. 

This procedure was carried out for si Ju PAK-dural 
adjusta*ble propeller for the BMW "Hornet" engine. The 
"blade length was chosen I = 110 centimeters and the 
"blade xiridth was then obtained as b = 25 centimeters 
and "blade thickness h = 5.7 centimeters. The ratio 
"^h/ "^fl position x = I was 16. 3# The.magnlttKde of 

V v/as computed to he approximately 70, and the value 
S |J»(j)l , 743 kgcms • The mass moment of inertia of the 

huh with hlade root was 4.93; r/ 1 was approximately 
0.15, On figure 29 the various engine functions 



4 90 0 ^,4 



are denoted hy the letters a to * k. On table 2 the 
values of 9-^ and are given for each of the 10 

Pjj,/j(k') functions which were adjusted on the test stand. 

On figure 2*9 the. similarity may be seen of the propeller 
functions determined by this test with those of the homo- 
geneous prismatic rod on figure 14. It is to be noted 
that in the latter figure the scale of abscissas was 
smaller. Por the Ju PAK propeller the dif-ferent harmonics 
follow each other more rapidly than for the homogeneous 
rod. There were obtained the values n^ 2800, n^ = 7300, 
ng = 13,200 rpm. Tor the BMW Electron controllable pro- 
peller used for comparison, there v^'as obtained n^ = 2000, 
n3^= 6100, n^ = 10,800 rpm. 

The test showed that the first harmonic is practically 
independent of the torsionally vibrating system. Por this 
reason it might be co-aputed in advance if it were suffi- 
cient to compute the froq.uency of the blade fixed at the 
root, as is possible v/ith the aid of energy methods (ref- 
erences 4 and 5), The assumed rigid end condition at the 
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root'., however, does not actually occur and the degree of 
fixing, which dan .Ipe differ-ent for each huh, greatly -af- 
fects the frequency. The effect' of the twist which tends 
to increase the freq.uency must also he taken into account 
(reference 8)/ S'or this reason, the experimental method 
is pref err ed which enables the sixaple and accurate deter- 
mination of the ''required frequency* ■ • 

In 'this connect ion ."there will also "he considered the 
factors that affect the first characteristic value ^ 
of propellers. For the Ju PAK propellers for a value of 
V of 70, this, value of kg ^ lies .at 2.06. Por the pre- 
viously mentioned 'BMW propeller fbr'a value of v of 50, 
it lies at 2.05; and for the As-8 propeller of figure 19 
for V = 70, "it' lies at 1.93. The characteristic values 
kg* for known ' natural frequency depend on the choice of 
the magnitude v- and the latter again on the choice of 
the position x = I. The change in the value of v is 
very marked only where the hlade passes over into the 
cylindrical shaft, where V increases very strongly. At 
a distance of 10 centimeters along the blade, however, it 
is already only slightly affected hy a change in I. 'The 
hlade naturally can he considered also as extending to 
the point- of -a t ta chment . This, in the case of the Ju PAK 
propeller, would! lead to a value of i? = 88 and the k^ ^ 

values all wpuld he- smaller "by 11.2 percent. The Pg * ) 
function then also must chan-e a little "but, on the whole, 
vrill he very similar. The values v;ouXd then depend, 

however, only .on the form of the section at the position 
of attachment-— that is, with a thicker shaft the .hlade 
would have much lower ch£irac t er i s t ic values. This, 
hov/ever , is physically unr eas onahl'e . Hence the' shaft must 
he considered as helonging to the fixation and not as a 
part of the elasticity determining the natural frequencies 
of the hlade. P or this reason the « Pg (k ' ) function for 
the Ju PAK ^ropelle-r was determined for the val-u-e v = 70. 

' BP^SOT OP TH3 OSITTEIPUGAL P-ORCB 



A test setup of the kind descrihed ahove gives only 
the nat;UTal frequencies of the system for the case of a 
':nonr ota*t ing propeller. There' also must' he taken into 
a'ccount , therefore, the increase in the stiffness and 
hence the natural frequency of the hlade as a result of 
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the centrifugal force in rotation. The increase in the 
natural frequencies hy the centrifugal force of propeller 
hlade fixed at the 'root is given hj Liehers (references 
4 and 12) as follows: If SJ is the natural frequency 
for the propeller at rest and the nurnher .of rota- 

tions, then for the first three natural frequencies there 
hold the r ela t i ons': 

^1* = + 1«45 ^•^J^^ i fundamental vihration 

= 4,40 oj,,^ first harmonic 

^'SO cOg^, second harmonic 

It is thus a matter of simply adding to the test values 
_o"btaiued,_if the latter are practically identical with 
0) 1 and (jUg as can "be shown to he the case with the 
ahove doscrihed apparatus. On account of the large set- 
ting angles of the propellers there cannot occur a greater 
deviation of the frequencies of the fundamental and first 
harmonic froji tu^^ and > respectively. 

Since the value of v remains the same under the 
action of the centrifugal force, the eng*ine function does 
not change, hut the zero positions of the P3(kO hranches 

lie at higher values of k'. Per a speed of n = 1910 - 
that is, oj^ = SCO, . the increments are 

U)^^ = u);^^ + 58 ,000 

^s^ = ij^Js^ + 176 ,000 



If, on the average, ^ is taken to be 200 and 600, 
respect ively ,( chord) and u)^ = 700, then (J) ^ = 313 and 
647, respectively, (chord) and tu^ = 8J.6. This is 56.5 
and 7,85 percent for fj^ ^ and 16.6 percent for tD^ . Ex- 
pressed in terms of the increase in the fundamental 
vibration over the chord is only 25.4 compared to 24.5 
which is 3.67 percent. The intersection of the Ps(k') 

function c orresponding to k' = 3,750 in figure' 20 and 
k^ = 5*625 in figure 21 is shifted to the right "by about 
4 percent. It is easily seen that the frequency of the 
torsional natural vibration of the entire system is 
pract icalXy not shifted. 
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SOLUiTION POH A SBYEEAL-M/ISS SYSTEM 

There is still to "be investigated hov; the natural 
frequencies are determined for an in— line engine which 
can 'be represented only "by a several— mass system. 

Let the system consist of 6 masses - corresponding 
in their dimensions approximately to the BHW-IV engine. 

Q 1-6 = 0.5 kgcms^ 
Ci„5 = 4 X 10^ kgcm/rad 
Cg = 2. 66 X 10® kgcm/rad 

The first three natural frequencies of this system then 

lie at 

= 635 Qg = 1895 Q3 = 3100 

In order to simplify the computation, somev/hat, each pair 
of' masses is comhined into one -(fig. 30) so that 

9 1-3 = ^ kgcms^ 

Ci_3 = 2 X 10^ kgcm/rad 



The first three natural frequencies are then computed from 
the equa t i on 



6 ^74 125. 18. 

to , - 10 Xu; + 24 X 10 Xca - 8 X 10 = 0 



Oi = 630 compared with 635 - 0.8 percent 
= 1750 compared , with 1895 - 7.7 percent 
• = 2550 compared v/ith 310G - 17.8 percent 

This ^ deviat ion is of no significance for our ' inves t iga t i on 
and is given only as a matter 'of interest. Uow consider 
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the three'-iaass system. She other magnitudes in the Fjjj(k') 
function are assumed to "be 



t; = 30 
S ^x/ 7.\ = 1200 ^ 



which values hold- for very large 
pr ope Her s • 



The function P^C^O v/ill now "be computed for tv/o 
cases. In the first case 0jj =3 0 and in the second case 
^2T = S (^'ig* 31). It can he given, in general^ for an 

arlDttraary numher of masses if the method of Tolle is used. 
This method serves to compute the natural frequendies of 
a several— mass system* If M denotes the moment and a 
the deflection of any mass, then 

^^i,i+i = I^^i^i,i - ei u)^ a^ 

^ i+ 1 ~ ^ i ^ 

*=i .i+i 



Thus st'jrting at the end mass 



a 1 = 1 
H12 = -0 1 



as = 1 



9 1 uj^ 



C IS 

^2 3 = ^'^12 "~ 02 S'2» so forth. 



If, however, all ai are expressed hy a^ and all 
^i ,'i+ 1' ^^12 'e'scpr ess ions -of terms with increasing power 

of the natural frequency are ohtained 
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a 1 = 1 

^12 = -Qj U)® 



9i u)^ 
ag = 1 



2/« . 0 N ^ 9i eg 



2 3 - „ 

C IS 



M3X 



The function for an n mass system may then "be written 
as 

3 

•a ^ 



where 'a^ = 0 gives the zeros and H „ . , = 0 the in— 
n n , n-r i 

finities of the functions. There are ohtained the values 



Casel Pirstzero 

Jirst infinity u) 
Second zero Qg 
Second infinity w 
Third zero 





530 


k ' 


= 4.58 




1420 


k' 


= 6.88 




1750 


k» 


= 7.65 




2450 


k » 


= 9.05 




2550 


k' 


= 9.23 



Case II Pirst zero Qi 

First infinity (w 
Second zero 

Second infinity O) 
Third zero 

Third infinity cu 



= 630 


k ' 


= 4.58 


= 848 


k' 


= 5.32 


= 1750 


k ' 


= 7.65 


= 1845 


k' 


= 7.85 


= 2560 


k« 


= Sf.23 


= 2580 


k' 


= 9.30 



Figures 32 and 33 show the variation of the ' Fj^i function 

(continuous curve). The three masses v/ere now comlDined 
into one and the elasticity so chosen that the natural 
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freq.uency of this torsionally vi'bratine system was equal 
t 0 .the^ lUr.s±.'.Qf tiie tj^r^^ee-ma s s s.ystem: 

The suhstitute function for the fi'rst case is then oTatained 

and for the second case 

^ 2 - 2,27 X 10"^ k'* 

k'/™ = 4.58: k ' _x = 5.45 



Since the substitute function first begins to deviate from 
that of the three— mass function onjy at a rather great 
distance from the axis, where the curve runs 

practically vertical, no difference in the values of k' 
given -by the intersections can occur up to about k' = 6, 
Since the first zero is at 4.58, it means that the equiv- 
alent system correctly gives another natural frequency, 
which lies' higher than the first- natural frequency of the 

s 2 

system Q^^ by^ - — 1^^^ X -100 = 71.5 percent - or 

4.5 8"^ 

in' round- numbers — 70 percent.- Thus- the higher fr equency 
should be not" much greater than 

*' ^ ■ \ 

n- = 6 ,800'- if np =^ ^ 4,000 
n 10 ,200 if nj)' 6 ,000 
n =; 17,000 if ^ nj) := 10,000 



.*Pf-"*t^h'e-^ dif f er'Gnce"*i''S' greater then, having determined the 
Pg(kO function on the test stand, the engine function 
is accurately computed or, at lieast, r^eplaced by the one-r , 
tiTTO— , or three— mass system and then made to intersect 
with the FgCk*) function.. 



so 
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This concludes' the investigation of the problem o'f 
the coupling of the flexural propeller vihr'ations with 
the torsional crankshaft vihrations and the determination 
of the critical engine speeds. In the follov/ing there 
will De further considered the f undam-ental stress prohlems^ 



THE VIBRATION STRESSES IH THE SYSTEM 
A. Theoretical Considerations 

In the function Eg (k ' ) zeros are followed T^y in- 
finities. Eor the vibrations corresponding to the latter 
there hold simultaneously the three "boundary conditions 

(0) = 0, y« (0) = 0, .y(l) = r <t>i^ 

The fourth condition, corresponding to the zeros, is 
y'(l) = 0. For our system this means that the huh is at 
rest and the greatest "bending moment is at the hlade root. 
In these cases the propeller hlade vihrates mainly ahout 
one of the two principal moment— of —iner t ia axes of the 
cross section. Without t^vist a rod or propeller hlade 
would vibrate ahout one of the principal axes only. The 
entire system vibrates with the freq,uency u) = Q, the 
rotating mass undergoes rela,tively the greatest displace— 
orients and the component of the largest "bending moment of 
the rod in the torslopal vibration plane amounts to 

Bd uj^ *d = c 

The torsional c omponent , system is in resonance. As a re— 
stilt of the twist torsional vibrations of the blades may 
be erccited, but these vibrations will not here be con- 
sidered. It may be remarked in passing that they have, 
up to the present, been very rarely observed. At the fre- 
quency corresponding to k' = 2.97 in figure 29, the 
propeller blad^ v/ould thus vibrate in, its fundamental mode 
about the chord and at the frequency corresponding to 
k' = 3.3 in its first harmonic about the small axis. To 
the right and left of each zero of the. (k 0 function 
the moment at the blade root- again decreases, the maximum 
moment hov;ever no longer lying in the direction of one of 
one of the principal moment— of —inert ia axes of the cross 
section, since a moment now arises about the other axis* 
In addition to the frequencies corresponding to the zeros, 
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vi'brat ion of the rod occur simultaneously over the two 
.aj:Gs,and the tj^o. moments^ in these directions together 
give a resultant moment M which makes an angle $ 
with the torsional vil^ration plane, (fig. S4) . This re- 
sultant moment must he decomp'os3d into two perpendicular 
components, one of which, acts as a pure "bending moment 
M3 on the shaft. On account of the symmetry in the case 

of several hlades, these hending moments "balance each 
other' out, hut the shaft is etcted on* hy a tensile or com— 
prossrve force through which axial vihrations of the 
crankshaft may he excited (fig. 35). The 0 1 her' c omponent 
llj) just "balances the torsional vihration moment in the 
shaft, Jt follows that, since the torsiograph measures 
only this one component that the moment in the huh is to 
ho assumed considerahly higher. 

?or the vihrations of the rod corresponding to the 
infinities the fourth houndary condition is y"(l) = 0. 
In this case the hending moment at the hlade root is 
ecLual to soro and the huh is in motion. These vihration 
modes can then only arise if the two infinities of the 
?g(k') and rj^(kO functions coincide. This is possi- 
ble if the mass moment of inertia of the huh is not oqLual 
to zero. The frequency of this vihration is given hy 



U) = / c 

and the angular displacement of the huh has its maximum 
value. The maximum occurring hending moinent then lies 
v/ithin the propeller hlade.- All the hlades would then 
he, as it were, in equilihr ium; and the rotating mass 
would only have to halance the moment due to the vihrat— 
ing huh. Since 

=^ 



for the displacement of the rotating mass, there is oh- 
tained -- - 
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which therefore decreases for given huh displacement as 
the ratio, of the'huh inass to the rotating mass. The' hub 
displacement', ' however., cannot hecome large , for 

' ' h 

On account, of the, setting angle a, contributes 

mogt to the angle Fpr a = 45°, 7l^. = yj^h hut 

y} \ (a = 90°) is small compared to 7/ A (a = 0°) since 
J^^jj also at the blade root is much larger than 
Moreover, ^(j) ^"^st become smaller the more the resonance- 
indicating value of Ic' , for the prismatic homogeneous rod 
here- considered, differs - for example, from k' = 7.853, 
Hence $jj for the vibrations corresponding to the infinity 
positions is small making also small, since the ratio 

®n/^D generally, small^?r than 1. This holds, also, 

approximately for the caseiA \There the point of intersection 
of Fu(k'-) with FgCk*) Tjhich point detarmines the res^ 
onance frequency of ' the system lies far from the k' axis 
and there is a node in the .shaft. These points of inter- 
section always lie below the k' axis. 

The displacements of the rotating mass for the vi- 
brations, the corresponding point of intersection of which 
lies above the k' axis, are much greater than ^-^ and 
there is no node in the shaft. 

The position of the point of intersection of the 
engine and rod functions determines not only a resonance 
freq.uency of the crankshaft-propeller system but its dis- 
tance from the axis is at the same time a measure of 
the moment arising in the hub , because the magnitude 
J'jj(k^) = Pg(k») represents the reciprocal value of the 

component of the moment at the hub divided by 

f I It > 3 S . 

SEJ^j^ « S I V k« 



which acts in the plane of' rotation or the propeller disk. 
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Hence, the closer the point of intersection lies to the 

a::is the larger is the moment i This is seen with the 
aid of figure 36, where the function is plotted for 

a = 00 and a = 60^ and, furthermore, for a = 60° 
for the case that the "blade is hinge— c onnect ed ahout the 
chord and hence a moment on the shaft can he transmitted 
only over the smaller axis (dotted).' In the figure are 
also given three engine curves, one of which represents 
the case that tiie natural freq.uency of the torsionally 
vihrating s^^^stem is equal to the first harmonic of the 
hlade ahout the small axis. This case will he consid- 
ered first (curve II). 'For the angle a = 0 the "blade 
vihrates ahout the small axis in the torsional vihration 
•plane of the huh.. The moment in the huh is ohtaixied as 
infinitely large. Since in the actual case there is 
damping a finite deflection will he ohtained for the rod 
and tlic torsionally vihrating mass. Let the deflection 
of the mass ho ^Dq* "^"^^^ intensity of the rod vihration 
on-changing the angle a cannot increase, therefore, for 
th^ case of constant excitation. ?or any angle the nat- 
ural frequency of the system does not vary, since the 
point of ' Inter sect ion v;hich deterjiiines this freque'ncy re- 
mains the samec There is also, therefore, no change in 
the mode of vi^bration of the rod ahout the small axis and 
the moment in the hlade root. In the torsional vihration 
plane, however, a component of the moment is still effec- 
tive and hence the balance moment of the torsionally 
vihrating mass 8j) cu^ must decrease. Since 6j) and 

U) ar e c onsts.nt 

=^ri cos a 
•^a -^o 



The case is otherwise for engine curve I. With the 
hlade hinged ahout the chord there is a change not only 
in the frequency'* and hence the mode of vihration of the 
hlade hut also the distance of the new point of intersec- 
tion from the axis is greater and the mopient there- 
fore smaller (fig. 37). The deflection $d of the 
torsionally vihrating mass therefore decreases faster 
thatL as cos a**-^ In this- case, the angular deflection at 
.t.h.e huh is not e.qual to zero. JProm equation (4) there 
follovrs the relation 



S4k 



M.OA. 3?eclinical MemararZiduta- Ho. 1051 



■-.'so that, for 'the- angle a = 0 
and fox the angle- a 



1 



1 



or 



" '^'isr ? 



The ratio ^ITcj^/^Ero ^ function of a. It may 'be de- 
termined as follows. The formula must also hold if odq 
approaches Q - that is, for the case first considered, 
•Por that case there was obtained 



The fraction 



0^ - 



approaches 1 , if approaches Q, It follows that 

^jj^/^^^ approaches cos a. As may he seen from figure 36, 

the moment in the huh in the case of fixed end conditions 
decreases still more than for hinged end conditions* This 
not only shows up in the expression for "by the de- 

crease in the fraction but also in the fact that the ratio 
'^TJ / ^KT always remains below cos d. The reason for this 

was. already given above. The more ^^-Hs in the 

torsional vibration plane the smaller ^Nct ^"^st become 
(fig. 38), The angular deflection $u of the hub thus 

decreases more rapidly than as cos a, and hence $jj fur- 
ther decreases. r ' ' 
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Pigures- S9, 40, and 41 show the variation of the 
angular de'flection of the rotating mass of a single— mass 
system for' the case of the rectangular section rod and 
for th'e propeller. The analogy of the pr ope ller . and rod 
is dead? ly. evident as already seen in figure 19, A com- 
parison vy-ith the latter shows that for the cases where 
the frequency was constant or^ approximately so, with 
vchan^^e in the angle a,' the angular deflection of the 
rotating mass decreased, in pr opor t ion. t o cos a, ^ In all 
other cases the deflection decreases at a greater rate. 
The indicated angle is only a relative one in order to 
"bring out iDetter the analogy with the rectangular rod. 
The greatest ahsolute deflection of the rotating mass 
measured in the center was obtained at an angle of approx- 
imately 15^ for the fundamental vihration, 0° for the 
first harmonic and 30^ for the second harmonic. 

It should "be observed that the above described de- 
pendence of the deflection on the angle a holds only 
for cases represented by Engine curves I and II. For 
cases represented by curve III this holds true only for 
the fundamental vibration, but not for the torsional, 
vibration and f xr s t , har monic , For a = 0 there is then 
obtained a greater first harmonic about the small axis 
and the second node lies in the blade and not in the 
blade root. With increase in the angle a this vibra- 
tion go^s over into the torsional vibration, while it is 
'still represented by the point of intersection of engine 
curve III with the second branch of the yg(k') curve* 

In the case, therefore, that the torsional vibration is 

on the opposed side of, the first harmonic, like the fun- 
damental vibration of the blade fixed at one end about 
the chord, the moment at the hub in th^e torsional vibra- 
tion plane deer eases' s omev;hat with decrease in the aagle 
a* b^it the angular deflection $]) of the rotating mass 

and hence also the moment transmitted by it to the rod, 
need not decrease bec.ause the motion of the hub can in— 

f I 

crease through the increase of ( j j ^jT* ^^^^ 

the case for the torsional vibrations represented in fig- 
ure 20 by engine function III and on figure 21 by engine 
function I.. 

For the first harmonic in the case of engine func- 
tion m is small although the dependence shown in 
figure 38 of the hub deflection on the angle a no longer 
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applies "because it decreases with further decrease ln a* 
The^ intersected- ^s^^') curve then deforms into straight 
lines and the point of intersection travels further up, 
until for .a ^ 0 ;this "branch of the T^CkO curve,- a-nd 
hence also the vibration, has entirely vanished. 

The previbu-s' considerations have 'shown in which cases 
large' and small 'deflections of the rotating mass occur. 
In spite/of smal.l ' deflect i ons the stress in the propeller 
hiad-e -ahoait the chord may he c ons'iderah le even for small 
7l\)i' ^^^^ "^^Q t.orsiogram .on account of the small motion 

of the rotating -mass would not reveal these dangerous 
stresses •'■ Since the torsional vihration system and par- 
ticular ly ' the propeller "blades vihrate only with damping, 
energy must he expended "by the ' exciting torque • . In con- 
sequence, the magnitude of the moment Mjj as well as the 
the angle -ti where Mjj t, is the excitation work, are 
involved. In the case of the airplane engine and its 
equivalent , s ingle— mas s system the excitation is on the 
rotating mass-, t - equal frequency, therefore, 

all propeller vihrations will oe excited v/ith less inten- 
sity the further the point of intersection of the F^Ck') 

and Pg(k') curves is from the k' axis. The stressing 
of the propeller "blade will therefore also hecorae smaller. 
Prom these considerations it follows that the fundamental 
vibration may he considered less dangerous as compared' 
with the torsional vibration and the first harmonic be- 
cause conditions in practice are such as represented in 
figures 20 and 21. 

« 

■If still higher than' the first harmonic vibrations 
'aire considered, it is seen that their point of intersec- 
tion will always lie below the k' axis, provided the 
Aass of the hub is small enough so that the frequency 



9d Sir 



is great er," than the harmonic;und.er consideration. Since 
the rotating mass deflection for vibrations the correspond- 
ing point of intersection of which lies far "below the k' 
aiis-is given "by - the relation- ... 
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this is fayorable. For the . higher - harmonics ' a large huT3 
mass is Iqss favoral)le since, -as comparison of figures 17 
and .18 shov;.? , their corresponding points of intersection 
again lie near the axis. There is thus an -increase 

in the. moment , at the huh which in spite of the small 
angular displacement can "be halanced "by the inertia of 
the, large huh mass. 

Siiice the rod or propeller hlade divides the moment 
at the huh into two bending moment components -in the prin- 
cipal rihration :direct ions , that vihration will predominate 
ahout each axis having zero position Pg (k ' ) = 0 nearest 

to the point of intersection of Fg(kO and Jj^^CkOi 
giving the resonance position. Hence, if the torsional 
vihration lies in the neighhorhood of the first harmonic 
the latter will come into evidence. This is _ the reason 
why tre mode of vihration of the propeller, as initially 
remarked for the torsional natural vihration of the test 
model (col. '2, tahle l), was si::iilar to that of the first 
harmonic (col. 3) since, chiefly, the larger motions on 
account of the small eo^uatorial moment of inertia are in 
evidence. In this case for hoth vihrations the mode of 
vihration a'c^out the small axis is Very marked and the 
hlade t-ip, failures that so^netimes occur in wood propellers 
may, jv.dging hy the failure location, he caused hy the 
first harmonic as well as hy the torsional vihration. The 
more closely together the frequencies lie the greater is 
the mouent due one of the vihration modes that must he 
added to the other decreasing vihration. The maximum val- 
ue of the moment Hp as a function of the angiilar setting 

is then ohtained, neglecting the tvjist of the hlade, not 
at the angle a = 90^ hut for a = 90 - c where the 
tangent of this angle is given hy the ratio of the two 
perpendic\ilar components of the moment (fig. 42). 

The components of this moment were computed for the 
prismatic homogeneous rod for the undamped case from the 
function 3's(kO and the results plotted in figure 43, 
the ratios of the components K-^ and j to the moment 
at the huh M33 'heing plotted against k» for. an angle 
a == 6G^ w:?.th Jj^/Jfj = 1^-- ^^cL . r = 0^ 

At the asymptotic pos'itions the torsional moment at 
the huh Mj) ?,s eq^xis^l to zero. It xaay he seen .from the 
curves that 'except for the very small .regions ■ ahout the 
resonance positions of the vihrations ahout the small 
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axis fQr ' = 1.875; 4.694, 'and 90 f-orth; the moment in 

thevshaft is, entirely balancecL "by vibrations a'bOT^t the 
chord. This means in practice that the- pr ope Ller "blade 
iD-ehaves q.ulte. similarly' so that in' the -^t or sional' vitrat i on 
the ' maximum- moment that arises is almost entirely in the 
direction of the larger axis. This explains the position 
of the failure (fig* 44)* The se-t'ting -for the cross sec- 
tion at -t'he hlade root is aliout 40°. Since only the^ sine 
c omponent .ac t s on the torsional vi'bratio'n system, only 
64 percent. of 4;he moment actually arising at t-he "blade 
root is (Jomputed from the torsiograph deflect ion. * - 

■ ' , B. Tests 

In or der ' t 0. ohtain a clear picture of the relations 
so far considered, mostly from the theoretical viewpoint, 
in determining the rg(k') function of 

the deflections of the Ju PAK propeller (fig. 29); 'the 
rotating mass and huh v;ere measured with the aid of an 
attached mirror which threw an image of an illuminated 
slO;t on a screen. For this measurement., however, only 
Cases c to g can he considered hecause only, for these 
cases was the rotating mass of the same magnitude as is 
necessarjr for a proper comparison. In addition the hlade 
tip deflections of the Ju PAK propeller were directly 
measured. Under the heading Aq-^ in tahle 3, IO/I8, for 

example, denot.es that the first numher is the deflection 
of the rotating mass on the 'screen in centimeters the 
other the . deflect ion of the hlade tip in milTimeters , hoth 
"being for the first harmonic. A]} gives the deflection 

for the torsional vihration. The angular deflections of 
the h-u,h v;ere in all cases negligihly small compared to 
those of the rotating mass and were therefore not entered. 
Besides the cases denoted with the letters which are given 
in figure 29, a few further cases were considered in order 
that the continuous change in the relations could he more 
readily seen. For greater clarity they were not plotted. 
Since the comparison of the deflections must he carried 
out ^'f or -^quai_ exoitat ion while the unbalance excitation 
increases as the -square of the speed, all deflections are 
referred to the excitation for a definite speed. The 
•latter- was chosen, as 7S00 rpm, corresponding to * =! 3«3. 

. It am, the discission under section^ Solution for the 
Homo.geneous Hod , ' the t or s iona 1 vihration frequency for 
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cases a to e lies "below and for cases f to k 
atove the first, harmonic* Since it must be concluded 
from this that there is a sudden jump from the torsional 
vihration to the first harmonic and, conversely, there 
W-ill fi^-^st he explained 121 what sense in cases e and f 
an interchange, tof the torsional "vihration with the first 
harmonic is to "be- underst ood* This "jump is determined 
only by the condition that .each vibration form has been 
defined by means of certain physical properties. 

In table 3, the first column, the freq,uencies and 
deflections of .c to g are those which correspond to 

the ■ intersection of the various Tj^Ck') curves with the 

J'gCkO branch, which extends from k» = 2.06 to 3. 3, 

The frequency runs from n = 5580 to the limiting value 
of 7300 rpm. 

The change in the deflections is entirely continu- 
out. The case e^ which was not plotted corresponds to 
the case that an Pj^CkO curve goes accurately through 
the pojnt of intersection of the P,jg (k * ) curve with the 
k» axis at ' ~ 3.3; f * is a closely neighboring 

case which likewise has not been plotted. 

The second column of the frequencies and deflections 
includes those i^hich correspond to the points of inter- 
section of the S'j^^Ck') curves with the Pg (k ' ) branch 
which extends from k' = 3.3 to 4.33. 

Thus, in all cases which correspond to the same 
Pg(k') branch, the variation of the deflections with the 

frequency is continuous and such a branch gives both the 
torsional vibration and any harmonic of the propeller* 
Both branches and their corresponding vibrations are, so 
to speak, equivalent. It may be considered that one 
branch transfers the torsional vibration to another if 
the latter can give rise to a similar vibration. This 
is only possible where an Pjj(k') curve intersects the 

two I*s(k') branches in such a manner that the two vi- 
brations Xie most closely together. Case -e' therefore 
represents the limit for v/hich, according to the discus- 
sion under section Solution for the Homogeneous Rod, it 
is still possible to speak of the higher natural frequency 
of the system as the first harmonic. 
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Por the individual modes of vihration the following 
result is ©"btained. With the deflections of the rotating 
mass known, .the first harmonic provides a measure of the 
magnitude of the iiiouent at the hu'b ; since = 635 0;^ Aq-u, 

for consta::t and practically constant depends 

only on the deflection -^qId" "^^ may "De seen that the 

magnitude of the deflection decreases with increasing 
distance of the point of intersection of the Pjj(k') 

curve V7ith the PgCk') curve from the k^ axis, in 

agreenent v;ith the theory, and lurthernore that the "blade 
tip deflections ther;.solves , and hence also the stresses 
in the "blade, decrease. That the deflections for the 
vi'brations, the point of intersection of v^hich lies ahove 
the axis !\'ith increasing distance of zhe latter, 

decre.ase viotq rapidly than for those the point of inter — 
snction of v/hich lies helov; the axis, is explained "by 
the prosonco of a mass mo:flent of inertia of the huh that 
is iiob negligible in con;purison t/ith that of the rotating 
mass; and t^y the fact that* in tho first case with increas- 
ing distanco of the point of Intersection from the k' 
a_:is the sl'aft hecame iiiore rigid while in the second case 
less rl<^id, For two points of intersection at eq,ual 
distance aoove and helov/ the k' axis, there then holds 
the relat i cn 



where 



9t) + ^1 - 

- 07) 



a s 
JL. < 1 and > X 



Prom tjiis relation it follovs that the deflections of 
the rotating mass hecor.e equal v;hen ^- All this 

can also "be understood froiii the fact that in the first 
case the huh vihrates v^ith the rotating mass and in the 
second case against it. In hoth cases, liov/ever , there 
corresponds to a given rotating mass deflection approx- 
imately the sane' "blade tip deflection, since the mode of 
vi"brabion of the rod must he approximately the same. 
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In the torsional yibration the def l-ectiows can no 
-longer .serve a's . a-^.meastire for^ the moment, hecause the 
frequency continuously changes, 0 onsideratii on of the 
ratio of the "blade tip deflection to that^ of the rotating 
mass shoTYs , however, that on approaching the first har- 
monic the -latter comes more- into evidence so- that the 
torsional vi"bration in case e' corresponds approximately 
to the first harmonic in case f ^ and conversely. . 

Another important fact obtained from the experiment 
is that for propellers of the Ju PAK type- where the fun- - 

damental vibration of the "blades about the chord 1 is . - 
lower than the first harmonic about the small axis the . 
blade vibrations set up about the small axis are rela- 
tively large if the" torsional vibration lies below the 
first harmonic and small if it lies above the latter. 

Setting up the same table for an untwisted prismatic 
rod, the same general results are obtained except for the 
condition that the rod, with regard to the above— menti,oned 
property of the propeller , behaveg in just the reverse 
manner pro-zided that for the rod under consideration; the 
fundamental vibration about the chord likewise lies lower 
than the firsb harnionic about the small axis. Further 
investigations on this question revealed a fundamental 
difference between rod and propeller blade. On observing 
the direction of vibration of the propeller tips it was 
found that as the torsional vibration approaches the first 
harmonic the direction rotates in both cases^. and that ■ 
this occurs in the rod in exactly the opposite sense to 
.that in the propeller blade. Figure 45 shows this turning 
of the vibration direction of the propeller blade tip. 
From this direction of vibration the corresponding vibra- 
tion modes of ^ the blade can be immediately derived. This 
is shown in figure 46. For each case the vibration mode 
about the small axis (dotted) and that about the chord 
(continuous) are drawn as projections in the torsional 
vibration or propeller disk plane. 

In the case k' < 3.3 the vibration moment of the 
two vibrations has the same direction; for k' =3.3 
there is practically no vibration about the chord; and 
for • k' > '3.-3 the. moments about .the chord and small axis,- 
act in opposite directions. 

For the p.rismatic untwisted rod the theory requires 
a rotation ot the direction of- vibration as shown in fig- 
ure 47, Foy the vibration modes are obtaine-oL ftom. these 
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directions such that the co.^rponents of their moments ^^t 
the biiade roots in the torsional vihration plane have the 
comhined effect sho^n in figure 43, as was also ohserved. 
The same "behavior is ©"bscrved with a prismatic nonhomoge- 
neoiis rod with constant thicknecs and width decreasing 
toward the outer end (x = 0) so that the particular 
"behavior of the propeller "blade should he determined h^ 
the twist. Further investigations v/ill throw more Ijght 
on this* Jn the same way both stro"boscopic observations 
of the vibratio-n phenomenon and the observed elliptic 
paths of each point of the pro-oeller blade indicate a 
phase shift of the vibration about the chord with res-oect 
to that about the small axis. 

The difference in the magnitude of the deflections 
of the-rod and blade tips, respectively, about the 'small 
axis for the torsional vibration above the first harmonic 
compared to those below is thus explained. Quite gener- 
ally, it is true that the motion about the small axis in 
the torsional vibration is then relatively large If the 
moment of the vibrat i on ^.ode about the small axis acts 
in the same sense as tbat about the chord (see fig. 45). 

The results here obtained now make it possible, in 
the case of propellers of the Ju PAE tyoes, to state the 
approximate direction in which the resultant maximum vibra- 
tion moment acts in the blade root during torsional vibra- 
tion if the latter falls ver^/ closely above or below the 
first harmonic. The thin arrO'TS in figure 48 gi V e the 
direction of the moment about both axes for the vibr-^tions 
corresponding to = 2.97 and 3.3 - that is Hj^^ and M^j. 

The quantitative solution of these problems and de- 
termination of the location of the maximum stress for the 
various vibration modes of the system, which requires 
many tedious strain measurem.ent s since the vibratixms de- 
pend to a large extent on the cross-section shaue, will 
form the subject of a future investigation of the insti- 
tute. 

For both vibrations cprresponding to the value" 
k' - 2.97 and 3.3, the torsionplly vibrating system, vi- 
brates in resonance u) = Q. ?cr k* = 2.97 the vibra- 
tions about the small axis are a minimum., and the funda- * 
m.ental vibration of the blade is about the chord. At 
k^ =3.3 the vibration about the- chord is a minimum 
and the firgt harmonic is about th^ small axis^ 
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In order to show the difference "between a flight 
propeller and a rigid propeller, a heavy rigid iroja plate 
of moment of inertia ^= 64 kgcms^ was attached to the 

shaft instead of the propeller and the deflection of the 
rotating mass was measured for equal resonance frequency. 
This means that instead of the propeller function any 
other engine function intersects so that the point of 
intersection lies directly on the axis. The values 

obtained were 



J^l A^D V^^ 

2. 97 35 45 ' , . 1.29 

3. 3 , 10 29 2. 90 



A*jj is "the deflection with the plate and V is the 

ratio of the two deflections. Since in "both cases the 
frequency wd s the same, V at the same time gives the 
ratio of the noments in the shaft. 



The ahove is an explanation of the fact that in the 
torsiogram the deflections with the flight propeller are 
generally smaller than those with a rigid "brake propeller , 
since the lowest natural frequency of the "brake propeller 
lies higher than that of the torsional vihration system — 

that is, Q < ~ n,. These cases are represented in the 

•^Sj -^M diagrams if the Pj/^ function- intersects the k' 
axis to the left of the corresponding k\ value; for 
the homogeneous rod k' = 1,875. Comparison of figures 
5 to 15 shows that the resonance frequencies sp defined 
are practically independent - of - the p-itch angle. The 
resultant falls practically in the torsional vi'bration 
plane so that * on the entire "brake propeller there is no 
greater moment than that computed from the t ogsiodiagram, 
"because the TgCk' ) curves for a == 0 and 90 run prac- 
tically the*'same within the range considered. In this 
case M£^(^„qJ ^^^^h ( a=9 <^ ^ ) hence for any angle a 

M(^_qJ cos a + M(^^^Q^j ^in a « Mj) = constant 

/- 

Translation "by S. Heiss, 
national Advisory Committee 
for Aeronautics. 
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TABLE 1.- MTtmAI VIBEATIOlJ OF A SIHGL3-MSS SYSTEM 
¥ITH DIPmffiKT PROPELLERS 



' Prop'eller 


^1 . 




as 


1. 


Schwarz, adjustable ^-'hlaie, for 
He 111: • D = ^"^OS mm . . . 


3000 


6g00 


7600 


p 


SJr'Vit.TQT**?' jarl TTT G+ Q"hT o •Fnt* SAM "^P"? 
yjLtZ.lvIdiJ.4if ciU.J LmVcxUx C/ J.UJL iJJAX'i 


2500 


6300 


5700 


3. 


Schwarz, adjustable cIuTd for SAM 323 


i^goo 


- 6600 


9000 


h. 


Schafer As-10; D = 25OO mm . . . 


2950 


6600 


9300 


3- 


Ju PC • . . 


2000 


■ Shoo. 


5500 


6. 


3-"blade TOM adjustable dural for 


2700 • 


6700 


ggoo 


7. 




2200 


5800 


6900 


s. 




3060 


6300 


9500 



TABLE 2 



TABLE 3 





. 2 
6jj kgdms 




a 


15.0 


113,000 




9.33 


209,000 


c 


■ ' ^.93 


' 3^5,000 


d 


I+.93 


Ul7,0Q0 
52s, 000 


e 


• ^.93 


f 


^.93 


720,000 


S 




1,130,000 


h 


3.3 


1,690,000 


i 


2.1+ 


2,320,000 


Ic 


2.1+ 


3.530,000 









^1) 




c 
d 


55S6 

■;5Sg0. 

6150 
6U50 


57/iU 
5U/13 

,36/22 


7300 
•7300 ■ 
7300 
7300 


1/10 
1.3/13 

2/11+ 
2.5/16 


e 


6^30 
7020 


27/27' 

23/30 


t300 
7300 


I+.5/IS 

7/19 


e' 


7100 


16/32 


7300 


10/lg 


Ej.j(lc' ) 


^ot 


^ot 






f 


7170 
7230 
7300 


10/2g 
6/20 

3/17 


7380 
7500 
7700 


1^/17 

13/9 

12/5 


f 


7300 
7300 


2/15 
1/10 


7930 
3550 


11/2 
9/0.7 


S 


7300 


0.5/9 


9600 


6/0,6 
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Figs. 1,3,4,28,29,30,31,34,35 
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Fi^re Torsional vibration character- 
7 ' istic of a 4-cylinder in-line 
^ pngine as measured on test stand and in 
flight. X-^^ Jk 



Figure 3.- Equiv- 1/ Figure 4.- 

alent ^ Equivalent 

system of radial system of radial 
engine with rig- engine with elas- 
^id propeller. tic propeller. 




Figure 28.- Blade length I for the 

experimental determin- 
ation of the propeller function 
Fs(k'). 

_9l ©2 ©3 
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Figure 30.- Rotating mass 
system. 
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Figure 29.- Determination of the FgCk*) 
function of a Ju PAK ? ad- 
justable propeller. 
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Figure 31.- Equivalent 

system of in- 
line engine with propeller 
huh. 




Shaft — 

Figure 34.- Vibration moment 
in the propeller 

blade. 



— 



Fundamental First har- Second har- 
vibration monic monic 
Figure 35.- Natural vibration modes 
of the propeller on 

engine. 
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Figs. 2,16,26,27,44 




Figure 2.- Exciter apparatus 

for coupling vi- 
brations of crankshaft-pro- 
peller system. 



Figure 16.- 

homogeneous 
pitch setting- 



Vibration tests 
with prismatic 
rod for varying 




Figure 26.- Vibration tests 

v;ith a non- 
homogeneous rod. 



Figure 27.- Exciter apparatus 
for propeller vi- 
brations with variable torsion- 
al elasticity and rotating mass 
to approach the actual engine 
conditions. 

Figure 44.- Failure due to 
flexural viora- 
tions of a light metal pro- 
peller at the blade root. 
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Figs. 5,6,7,8,9 






Figure 8.- Rod function of 
prismatic homo- 
geneous rod. r = 0; ot» 0; 
Jh/Jfl = IS. ^ 



Figure Rod function 

of prismatic 



homogeneous rod. r = 0.21; 
= 0. 
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Figure 9.- Rod function 

of prismatic 



homogeneous rod. r = 0; 

15^; Jh/Jfi = 16. 
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Figs* 10,11,12,13,14 




Figure 10.- Roa function of 
prin.'natic homo- 
geneous rod. r = 0; of= 50^; 
Jh/Jfl = IS. 



Figure 11.- Rod function of ' 
prismatic homo- ^ 
geneous rod. x = 0; cX = 45^; 
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Figure 12.- Rod fxinction of 
prismatic homo- 



geneous rod. r =0; ff= 60^; 



Figure 13.- Rod function of 
prismatic homo- 
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Figure 14.- Rod function of 
< prismatic homo- 

geneous rod. r = O.ll ; 
^= 60<^; Jh/Jfl = 16. 



NACA Technical Memoraiidum No. 1051 



Figs. 15,17,18,19 




Figure 15.- Rod function of 
^ prismatic homo- 

geneous rod. r = 0.21; 
a= 60^; Jh/Jfl = 16. 



Figure 17.- Determination of the 
natural frequency of 
a single-mass torsionally vibra- 
ting system (Gjj = 0) with two 
rismatic homogeneous rods. 
oc = 60O. r = 0). ^ 
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Figure 18.- Determination of 
^ the natural fre- 

quency of a single-mass to?r- 
sionally vibrating system 
(©IT* @iy with two prismatic 
homogeneous rods. (oc= 60^; 
r = 0). 



Figure 19.- Variation with the angle 
of the natural frequency 
of a single-mass torsionally vibrating 
system with two rectangular section 
rods ( ), an AS-8 adjustable pro- 
peller ( ), and a BMW controllable 

propeller (- experimental. 



^Fnsmaiic rods 



mw contprop. 
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Figs. 20,21,22,23,24 
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Figure 20 Comparison of 

three different 
engine functions ( a s= 60^, 
r = 0, Jii/Jfx = 16). 
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Figure 21.- Comparison of three 

different engine 
functions ( cl 60^, r = 0, 
Jh/Jfl =81). 

Figure 22.- Variation of |i(x) 
^ over the length of 



an AS-8 Elektron adjustable 
propeller (I) and an Hte 8 u- 
Elektron adjustable propeller 



€7 }s 09 fi t (II) (diameter 2,10 and' 2.30 m) 



Figure 23.- Variation of Jfx(x)« 

over the length of 
an AS-8 Elektron adjustable 
propeller (I) and an HM 8 u- 
Elektron adjustable propeller 
(II) (diameter 2.10 and 2.30 
m) . ^ 



0 




Figxire 24.- Variation of Jh(x) 
over the length of 
an AS-8 adjustable Elektron 
propeller (I) and a HM 8 u- 
Elektron adjustable propeller 
(II) (diameter 2.10 and 2.30 
m) . 
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Figs. 25,32,33,36 
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Figure 32.- Engine func- 
tion ( ) 

for three inasses and tne 
e oui val ent f unc t i o n 
( ) for one mass 

(e^ c= 0). >- 



Figure 2d.- Rod function 
for the fun- 



damental vibration of the 
pri sniatic non-hornogeneou& 
rod (p = 1; q = 1) r = 0; 
oC= 0. 
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Figure 33.- En^^ine func- 

^ tion ( ) 

for three .:'.j..-:ser'. an,i t .e 



) for one ifiass 

©11 = ) - 



Figure 36.- Decrease in tne rnonient 
by the vibration about 

the chord. 
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Bov/idary 

co/rt//Hon: y/J-^^cssa, lf!!i'%moe 





Figure 37.- Torsional vi- 
bration dis- 
placement of the rotating 
mass as a function of the 
angle oC. 



Rod 



Figure 38-- Dependence of the 
angular displace- 
ment of the huh on the angle d. 



Figure 39,- Dependence of 
the rotating 



Fuffcfomenfof Vfbraitorj 




mass displacement on 
the angle cL for a rectang- 
ular iron rod for the fun- 
damental vibration, tor- 
sional vibration, and first 
harmoni c , exp er iment al . 



Figure 40.- Dependence of 

the rotating 
mass deflection $£) on the 
angle for an AS-8 Elek- 
tron adjustable propeller 
for the fundamental vi- 
bration, torsional vibra- 
tion, and first harmonic, 
experimental . 
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Figure 41.- Dependence of 

< the rotating 

mass deflection $j) on the 

angle <x for a BMVl' Elec- 
tron controllable propeller 
for the fundamental vibra- 
tion, torsional vibration, 
first harmonic, second 
harmoni c , exp er iment al . 
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Poiaimg 



Mg-flf^sina, ^Mfi cosa -/J s/n fa t€) 

Figure 42.- Resolution of 

the vibration 
mo/Tient into the moments 
about the two principal 
axes of the cross section. 
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Figure 43.- Dependence of the 

ratios M^^/Mp and 
Mfx/Mp on k' for the prismatic 
homogeneous rod, comnuted for 
oL = 600, r = 0, Jh/Jfl = 16. 

Figure 45.- Direction of vibra- 
tion of the propeller 



tip for various values of 



Figure 46.- Iv'ode of vibra- 
tion of pro- 
peller blade for various 
values of k* . 




^Figure'^^'48r-"^Directian^ of the^ 
maximum vibration 
moment -at the propeller blade 
root for various torsional 
vibrations. 



Figure 47.- Direction of vibra- 

^ tion of tip of 

prismatic untwisted rod for 
various values of k» 
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